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I Inverse Trigonometric Functions

MATHEMATICS |

B INVERSE FUNCTION
Let f be a function defined from asetAtoaset B, i.e. f : A— B and g be a function defined from the set B
to the setA, i.e., g : B = A; then the function g is said to be inverse of f if
g{f(x)} = x, ¥ x € A and the function g is denoted by f~".
Properties of inverse of a function :
() The inverse of bijection is unique.

(i) Iff: A—Bis bijectionand g: B — Aisinverse of f, then
fog=Ilgandgof=1,

where, /, and /, are identity functions on the sets 4 and B respectively.

Graphs of inverse trigonometric functions

@) Graph of y = sin~"'x (i) Graph of y = cos™"x
Y
A (l, 72'/2) (—l, 72') Y

—~

0 > X >
ol (3,0
(—l, —72'/2)
(i) Graphofy=tan'x (iv) Graph of y = cot~" x
Y Y
A y = 7[/2 y =7 A
/ \ (O’ 7[/2)
VI T 5 > X
() Graph ofy=sec'x (v) Graph of y = cosec™"x
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A (l, 72'/2)
y=x/2 \
fxq \ (0] > X

(1,0) (-, -zi2)l

B Dpomain and range of Inverse Trigonometric Functions

Function Domain (D) Range (R)
T T T T
in ' —1<x<lor|—-11 ——<fg<—or|——, —
sin - x [ ] > > [ 5 2}
cos ' x —l<x<lor[-11] 0<@<rxor|0, x|
tan ' x xeR o<t |22
2 2 272
cot ' x xeR 0<O<zmor (0, )
0=" 0<0<n
) x<-1, or 1<x 2
see X or (—oo, —1]U[1, @) - ~
or | O, —]u(—, 72'—‘
2 2
[ Properties of Inverse Trigonometric Functions +7/2 y=sin” (sin.x)

1.0) sin~(sin ) = 0 if and only if —gse sg and
X, 0<x< X
2
sin(sinx) = { ©—-X £<x<3—n
el 2 _ 2
X—2m, 32—TE<X£27[

T T
0 e ann
+-7/2

T+~ y= cos! (cos x)

N - - ---
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= f(x) = sin~(sin x) is periodic with period 2.

(i) cos'(cos@)=0ifandonlyif0<0<wxm vy =tan™ (tan x)
] X, 0<x<rx /2
cos'(cos x) = . .
(cos x) 2r—-X, T<X<2n ! /037[/2/:0
= f(X) = cos~'(cos x) is periodic with period 2. /2 / %ﬂ I
+-m/2 ' '
(i) tan~! (tan 0) = 0 if and only if — g sg and
y=cot ' (cotx)
0<x<Z 2
X, x5 7 :(7[,7[) :(ﬂ,ﬂ) :
T 3n i : :
tan-'(tanx) = § x—m, E<xs7 : ! '
5 & b—
3 - 0] T 27 3
X—2n, —<X<27n
= f(x) = tan~"(tan x) is periodic with period 7.
@v) cot~'(cot@ =0 ifandonlyif0 <0 < 7 and
y=sec! (secx)
X+mn, -nm<x<0 T 4
cot-'(cotx) =7 X  O<x<m i :
X—T, TM<X<2n ! ! ! i E
= f(x) = cot~"(cot x) is periodic with period . —w-w/201 x/2 x 3x/2 27
-1 . . A A
® sec (secd)=0 if and only if 0S9<5 or 5<9S7f and
—-X, -7<x<0, x#*-——
-1 _
sec (sec x) - T y=cosec” (cosecx)
X, O<x<r, X#— 172
2 :
= f(x) =sec’ (sec x) is periodic with period 2 : 2 n
. _ :
7/2 T !
O ] 7 T |
) cosec ' (cosec®) =8 if and only if S <O<0or0<f< - and !
+-7/2 '
X, 0<yx SZ, Y =sin(sin’1x) Y
2 Y=cos(cos’1 x) _(0, 1) (1, 1)
T 3z

cosec ' (cosecx)=47—X, —<x<= xzx (-1, 0)

X'—

x-2r, 377[<x<27r

(-1 -1) (0. -1)

= f(x)=cosec” (cosecx) is periodic with period 2.
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Y
i) (a) sin (sin"x) =x iff =1 <x <1
(b) cos (cos™ ' x) =x iff -1 < x <1
X 0 X
Y Yzcosec(cosec’1 x) Y
(viii) (a) tan (tan~'x) =x forall x .
(b) cot (tan-" x) = x for all x Y =sec(sec ' x) -(0.1) “
(-1.0)
X'— T X
¢ o)
/—l, ~1) | (0.-1)
YV
(i) (@sec(sec'x)=x iff x=1 orx<-1
(b) cosec (cosec'x)=x iffx=1 or x < -1
2. (i) sin™'(=x) = —sin"x, cos~1(—x) = & — cos~'x

(i) tan="(=x) = —tan~"x, cot2(=x) = 7 — cot="x
(i) cosec™'(—x) = — cosec'x sec™'(—x) =z — secx,

sin”' x+cos ' x= %, forall x [—l, l]
4 O V/d
3. {tan x+cot x:E, forall xe R
sec ' x+cosec x = %, for all x & (-, —1]U[L, )
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4. Principal values for inverse circular functions.

sin'x+cos ' x =
tan ' x+cot ' x =

O L. T
sec” X+ cosec X_E’

2

2

NN NN

5. Conversion property

0 sin' x = cos ' V1-x7,
i
sin' x = —cos 'V1-x7,
. G V1=x?
sin"x = cot ! ———,
) X
(i)
. LVl=x?
sin'x = cot™! .y
X
X
-1
i)y sin-'x = tan = | x| <1
Vi—-x
" cos' x = sin”' V1-x7,
v
cos' x = x—siny1-x
-1 1 l_x2
Cos X = tan ,
X
\Y)
-1 -1 l_x
Cos X = 7T+ tan

5 x
(i) cos™!x = €Ot { l—xzj x| < 1

tan x = -1 1
an x = coSs =,
i 1+x
tan x = 1 1
an x = —CoS ,
1+x°

for all x e[—l, 1]
forall xeR

for all x e (-0, —1]U[1, »)

O0<x<l

-1<x<0
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tan ' x = cot' —, x>0
(il )16
tan ' x = cot' ——r, x<0
X
(iX) tan'x= sin”' - VxeR
1+x
. 1
cot 'x = sin”' , x>0
®) 1+ x°
X
L 1
cot x = T —SsIn , x<0
1+ x°
cot'x = tan” —, x>0
() g
1
cot'x = 7 +tan ' —, x<0
x

_ x
(xii) cot~1x = COS ILW} VxeR
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6. General values of inverse circular functions : We know that if ¢z is the smallest angle whose sine

is x, then all the angles whose sine is x can be written as nr + (— l)n o ,where 3 ¢ | . Therefore, the

general value of sin-'x can be taken as nz + (— l)n .

n T
Thus, we have sin'x = nz +(—1) o, 1< x <1if sine = x and —ESa <.

V4
2

Similarly, general values of other inverse circular functions are given as follows :

cos'™x=2nt +xa,—1<x<1;
tan'x=nr +a, X ER;
cot'x=nr+a, xER;

sec'x=2nTta, x<-1or x=1

Note :

Ifcosa=x, 0<a<m

If tan o = X, —ZSasz
2 2
Ifcota=x, O<a<m

T
Ifseca=x, 0<a=<ma anda # >

The first letter in all above inverse Trigonometric function are CAPITALLETTER.
Formulae for sum, difference of inverse trigonometric function

sin”' x+sin~' y=sin"' {x\/l -y y\/l —x };

M

x>0, y>0and x*+)° <1

sin”' x+sin ' y =7 —sin’| {x\/l—y2 +y\/l—x2}; x>0, y>0andx*+y° >1

www.unskooler.com



JNSKOOLGr

(Class_XTI_Board

@ sin-'x —sin-!y = sin~’ {x\/l—y2 N }; x=0,y=0

©) cos—1x+cos—1y=cos—1{xy—\/1—X2\/1—y2} . x=0,y=0

cos’lx—cos’lyzcos’l{xy+\ll—x2\/l—y2}; x>0, y>0, x<y
@
cos ' x—cos y=—cos {xy+\/l—x2\/1—y2}; x>0, y>0, x>y
tan1x+tan1y=tan1[x+y]; x>0, y>0and xy <1
1-xy
() <tan'x+tan y=7/2; x>0, y>0and xy=1
tan1x+tan1y=7r+tanl{lx+y]; x>0, y>0and xy >1
X-y

1+ij ; x=0,y=0

6) tan'x —tan"'y = tan—{

Inverse trigonometric ratios of multiple angles

2sin' x=sin"’ (Zx\/I—xz) If —%S)CSL

1. ZSin’lx:ﬂ—sin’l(Zx\/I—xz) If —<x<1

. . -1
251n’1x:—7r+sm’l(2x\/1—x2) If —Istﬁ

. . -1 1
3sm’1x:sm’1(3x—4x3), If —<x<-—
2 2
. 71 . 71 3 l
2. 33sin” x=m—sin (3x—4x ), If §<x£l
. 71 . 71 3 l
3sin” x=—7 —sin (3x—4x ), If-1<x<-=
2
ZCos’lxzcos’l(ZxZ—l), If 0<x<l
3.
2cos’1x=27r—cos’l(2x2—l), If -1<x<0
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CHASING INFINITY...

3cos ' x=cos (4x3 - 3x),

3cos ' x=2m—cos’ (4x2 - 3x),

3cos ' x =271 +cos (4x3 - 3x),

2tan x =tan" [

2x
1-x* )

2
2tan1x=7r+tan1( al ]

1-x*

2
2tan1x:—7r+tan1( x2]:
1-x

2tan ' x = sinl(
2tan ' x =7 +sin" (

.4 2x
2tan1x:—7r+sml( ],

2x ]
1+x* )

2x
1+x* )

1+x°

1-x?
2tan ' x =cos”' = 1
1+x

-1 -
2tan  x=-—cos

3tan 'x =tan’ [

1 l_x2
1+x* )

3x—x°
1-3x* )

1-3x°

3x—x°
3tan1x=7r+tan1£ ]

3tan ' x = —7r+tan1£

3x—x°
1-3x°

B

J

If -1<x<l1

If x>1

Ifx<-1

If -1<x<1

If x>1

Ifx<-1

If 0<x

If x<0

If _—1<x<i
NG NG

1
If x>—

NE)

If x<——

NG
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